A theory of operating characteristics of quantum dot (QD) lasers is discussed in the presence of excited states in QDs. We consider three possible situations for lasing: (i) ground-state lasing only; (ii) ground-state lasing at first and then the onset of also excited-state lasing with increasing injection current; (iii) excited-state lasing only. The following characteristics are studied: occupancies of the ground-state and excited-state in QDs, free carrier density in the optical confinement layer, threshold currents for ground-and excited-state lasing, densities of photons emitted via groundand excited-state stimulated transitions, output power, internal and external differential quantum efficiencies. Under the conditions of ground-state lasing only, the output power saturates with injection current. Under the conditions of both ground-and excited-state lasing, the output power of ground-state lasing remains pinned above the excited-state lasing threshold while the power of excited-state lasing increases. There is a kink in the light-current curve at the excited-state lasing threshold. The case of excited-state lasing only is qualitatively similar to that for single-state QDs-the role of ground-state transitions is simply reduced to increasing the threshold current. 
I. INTRODUCTION AND THEORETICAL MODEL
Excited states of carriers confined in semiconductor quantum dots (QDs) significantly affect the operating characteristics of injection lasers based on them (see, e.g., Refs. . In this paper, we develop a theory of output optical power of QD lasers in the presence of such states. The details of our model are discussed in the following text.
(I) To describe the actual situation of indirect injection of carriers into QDs, our model includes the bulk optical confinement layer (OCL) and processes therein-the carriers are first injected from the cladding layers into the OCL and then captured into QDs (Fig. 1) . (II) The carrier capture from the OCL into QDs is noninstantaneous-this presents one of the key components of our model. To describe the capture into a QD, we use the capture cross-section. As discussed in Ref. 22 , no capture time into a single QD can be properly introduced; instead, using the capture cross-section, the capture time into the entire ensemble of QDs can be introduced that thus depends on the surface density of QDs. (III) The spontaneous radiative recombination rate outside QDs (i.e., in the OCL) is quadratic in the carrier density n OCL there; nonradiative Auger recombination (which rate is cubic in n OCL ) can also be easily included into our model. It is the superlinearity of recombination rate outside QDs, which, combined with noninstantaneous capture into QDs and intradot relaxation, causes (i) saturation of output power of groundstate lasing and (ii) sublinearity of output power of excitedstate lasing with increasing injection current. Hence we do not assume monomolecular (linear in n OCL ) recombination rate outside QDs, i.e., constant recombination time outside QDs, which does not depend on n OCL . Monomolecular recombination outside QDs could be a factor only in the presence of high concentration of recombination centers there, which should be avoided in laser-quality structures. More importantly, even if such recombination is present, it will be first dominated by spontaneous radiative recombination and then Auger recombination with increasing injection current, i.e., with increasing n OCL . Monomolecular recombination outside QDs can cause neither saturation of output power of groundstate lasing nor sublinearity of power of excited-state lasing, both of which are important derivations from our model. (IV) To mainly focus on the effects of excited-states, we assume that the carrier capture into and escape from the QD ground-state occur via the QD excited-state (Fig. 1 ). For the case of direct capture from the OCL into single-state QDs, the optical power was calculated in Refs. 22 and 23. Depending on the parameters of the structure, there can be three possible situations for lasing. We consider them separately in the following text.
II. GROUND-STATE LASING ONLY: HIGH GAIN FOR GROUND-STATE TRANSITIONS AND LOW GAIN FOR EXCITED-STATE TRANSITIONS
If the maximum modal gain for ground-state transitions is higher than the mirror loss (the strict criterion will be formulated in the following text) and the maximum gain for excited-state transitions is lower than the mirror loss, the lasing will always occur via ground-state transitions.
A. Rate equations
Our model is based on the following set of rate equations: for free carriers in the OCL
for carriers confined in the excited state in QDs
(2) for carriers confined in the ground state in QDs
and for photons
The physical quantities and terms entering into Eqs. (1)-(4) are presented in Tables I and II , respectively. We assume electron-hole symmetry in our model-that is why n 2 OCL , f (4) instead of n OCL p OCL , f n2 f p2 , f n1 f p1 , and ðf n1 þ f p1 À 1Þ, respectively.
Continuous-wave operation is considered here and hence steady-state rate equations (@=@t ¼ 0) are used.
Equation (3) can be written as follows at the steady state: which is simply the condition of equality of the net downward transitions rate in QDs (the left-hand side) to the net recombination rate via the ground-state in QDs (the right-hand side).
Equation (13) simply states that the injection current goes into spontaneous recombination (via the OCL states and ground and excited states in QDs-the first, second, and third terms in the right-hand side, respectively) and stimulated recombination via the ground-state in QDs (the last term). In Eq. (13), f 2 and n OCL are functions of n ph1 -see Eqs. (7) and (11) . Using Eqs. (7) and (11) in (13), we obtain an expression for the injection current density as an explicit function j(n ph1 ) of the photon density. Our task is to calculate the inverse function, i.e., n ph1 (j), and then the output power versus j. This can be done and a closed-form expression can be obtained from the solution of a quartic equation. This expression is, however, rather cumbersome and, for this reason, we use a different procedure to plot the functional dependences here. As shown in the preceding text, the quantities f 2 , n OCL , and j are expressed as explicit functions of n ph1 . Hence, we first consider n ph1 as a variable, change it throughout the entire range of its possible values (from 0 to n max ph1 -see following text), calculate and plot f 2 , n OCL , and j versus n ph1 . The dependence of n ph1 on j is then simply obtained by switching between the abscissa and ordinate. Thus the light-current characteristic (LCC), i.e., the output optical power versus the injection current density, is calculated (1)- (4) .
Downward transitions in QDs: Intradot relaxation
Upward transitions in QDs 
where hx 1 is the energy of photons emitted via ground-state transitions (Fig. 1) . The dependences of f 2 and n OCL on j are also easily obtained from those on n ph1 by converting the variable on the x axis from n ph1 into j(n ph1 ). Fig. 2 shows n ph1 and P 1 versus the excess of the injection current density j over the threshold current density j th1 for ground-state lasing [see Eq. (19) Table III .
The LCC was shown to be sublinear in the case of direct capture of carriers from the OCL into single-state QDs. 22, 23 The sublinearity is due to (i) noninstantaneous capture from the OCL into QDs and (ii) recombination in the OCL, the rate of which is superlinear in carrier density (quadratic or cubic for spontaneous radiative or nonradiative Auger recombination). In the case under study here, as seen from Fig. 2 , the output power is more severely impacted-it becomes saturated with increasing j. The point is that the capture into the QD lasing state is now a two-step process. In addition to capture delay from the OCL to the QD excitedstate, there is now excited-to-ground-sate relaxation delay. It is the relaxation delay, which now controls the carrier supply to the lasing state and strongly limits the output power by causing its saturation at high injection currents.
Characteristics at the lasing threshold
Putting n ph1 ¼ 0 into Eqs. (7), (10) , and (12), the values of f 2 and n OCL at the ground-state lasing threshold and the threshold current density are obtained
Taking into account Eq. (15), we can write n OCL;th1 and j th1 as
FIG. 2. Output power P 1 (left axis) and photon density n ph1 (right axis) of ground-state lasing against excess injection current density. Both P 1 and n ph1 go to zero at the lasing threshold (j ¼ j th1 ); the lowest shown values of P 1 and n ph1 are nonvanishing because the log-scale is used for the vertical axes. The horizontal short-dashed lines show P max 1
and n max ph1 [Eqs. (21) and (20)]. A GaInAsP/InP heterostructure lasing near 1.55 lm is considered here for illustration. 34, 35 In Figs. 2 and 4, the parameters are as follows:
114 cm, and T ¼ 300 K; 5% QD-size fluctuations are assumed. The mirror reflectivity at the ground-and excited-state transition energies is put the same, 
The first, second, and third terms in the right-hand side of Eq. (19) are the threshold values of the current densities of spontaneous radiative recombination via the OCL states, and ground and excited states in QDs, respectively.
Maximum output power and necessary condition for ground-state lasing
It is seen from Eq. (7) that, as f 2 ! 1 (the level occupancy cannot exceed unity) with increasing injection current, the photon density n ph1 remains finite and tends to its maximum (saturation) value (Fig. 2) . Putting f 2 ¼ 1 in Eq. (7) gives
For the maximum (saturation) value of the output power of ground-state lasing, we have
The output power P 1 approaches its saturation value P max 1 according to ð1 À const= ffi ffi j p Þ P max 1 -see Eq. (A6) in Appendix A for the asymptotic expression for the LCC at high injection currents.
As seen from Eq. (21), the maximum power P max 1 of ground-state lasing is a decreasing function of the intradot relaxation time s 21 . At a certain value of s 21 given by 
As can be seen from Eqs. (15) and (22) 21 . This cut-off time depends on the ground-state occupancy f 1 . As seen from Eq. (6), f 1 can range from 1/2 (infinitely long cavity, i.e., no mirror loss,
. As seen from (22) Fig. 3 in log-scale; see also the horizontal dotted lines in Fig. 2) .
Inequality Eq. (23), which is the necessary condition for ground-state lasing, is written in terms of allowed values of s 21 at a given f 1 , i.e., given g 
For the entire range of allowed values of s 21 , the right-hand side of Eq. (26) should be infinitely high or the cavity infinitely long (b 1 ¼ 0).
Internal and external differential quantum efficiencies
Above the lasing threshold (j ! j th1 ), the internal differential quantum efficiency of a semiconductor laser is defined as the fraction of the excess of the injection current over the threshold current that results in stimulated emission
where
is the current density of stimulated recombination via the ground-state in QDs. With Eqs. (13) and (19) for j and j th1 , Eq. (27) becomes
In Eq. (29), Eqs. (7) and (15) for f 2 and f 2,th1 were used. The external differential quantum efficiency is defined as
where I ¼ Sj is the injection current. With Eqs. (7), (10), and (11), we have for g ext1
In Eqs. (29) and (31), f 2 , n OCL , and n ph1 are functions of the injection current density j. Even at the lasing threshold, the internal and external efficiencies (being equal to each other) are less than unity (Fig. 4) .
At j > j th1 , g ext1 is smaller than g int1 (Fig. 4) . Both efficiencies decrease rapidly with j (Fig. 4) . The asymptotic expressions for them at high j are derived in Appendix Ag int1 and g ext1 decay as 1=j and 1=j 3=2 , respectively [Eqs. (A8) and (A9)].
The shorter the intradot relaxation time s 21 , the higher g int1 and g ext1 (Fig. 4) . The limiting case of instantaneous relaxation (s 21 ¼ 0) is considered in Appendix B.
We considered in Section II the situation when the lasing occurs via ground-state transitions only. This means that with increasing pump current, the lasing condition will never be satisfied for excited-state transitions. A sufficient condition for this is the inequality
where g 
III. GROUND-AND EXCITED-STATE LASING: HIGH GAIN FOR BOTH GROUND-AND EXCITED-STATE TRANSITIONS
The condition Eq. (32) of low gain for excited-state transitions is not always satisfied. When the inequality reverse to Eq. (32) holds
excited-state lasing occurs above a certain injection current (threshold current for excited-state lasing). Depending on the maximum gain g is low, lasing will occur via excited-state transitions only. Such a situation is considered in Section IV.
A. Above ground-state lasing threshold and below excited-state lasing threshold: Ground-state lasing only
All the equations and analysis of Section II apply in this case of j th1 < j < j th2 , where j th1 is the threshold current density for ground-state lasing given by Eq. (19) , and j th2 is the threshold current density for excited-state lasing given by Eq. (46) in the following text. Particularly, with increasing pump current density above j th1 , the photon density and output power of ground-state lasing increase from zero, and the excited-state occupancy increases from its value f 2,th1 [given by Eq. (15)]; f 2 and n ph1 are related by Eq. (7). The increase in n ph1 and f 2 continues up to the onset of excited-state lasing (Fig. 5) . 
where v g2 and n ph2 are the group velocity and density of photons emitted via excited-state stimulated transitions. At and above j th2 (i.e., when n ph2 6 ¼ 0), Eq. (34) reads as the condition of equality of the gain for excited-state transitions to the mirror loss (condition for excited-state lasing), from which we have
Similarly to the ground-state occupancy above j th1 , the excited-state occupancy above j th2 is also pinned (Fig. 5 ).
Pinning of output power and necessary condition for ground-state lasing
Because n ph1 is related to f 2 [see Eq. (7), which is just another way of writing the rate Eq. (3)], it follows immediately from pinning of f 2 that n ph1 (and hence P 1 -see Fig. 6 ) is also pinned above the excited-state lasing threshold. The pinning value of n ph1 is found from Eq. (7) by putting f 2 ¼ f 2,th2 there
For the pinning value of P 1 , we thus have
Compare Eqs. (36) and (37) with Eqs. (20) and (21) where f 1 and f 2;th2 are given by Eqs. (6) and (35) 2. Free-carrier density in the OCL, photon density, and output power of excited-state lasing For j ! j th2 , instead of Eq. (2), the following modified rate equation should be used, which includes the rate of stimulated radiative recombination transitions via the QD excitedstate (the last term in the left-hand side in the following text):
Using Eqs. (35) and (36), we have from Eq. (41) for the free carrier density in the OCL
where we introduced the lifetime in the cavity for photons emitted via excited-state transitions
Using Eq. (41), we have from Eq. (1) for the injection current density
where n OCL is given by Eq. (42). At the excited-state lasing threshold (n ph2 ¼ 0), we have from Eqs. (42) and (44)
Compare Eq. (46) for j th2 with Eq. (19) for j th1 . Because excited-state lasing follows ground-state lasing, this explains why the current density of stimulated recombination via the ground-state in QDs enters as a component [the last term in the right-hand side of Eq. (46)] into the expression for the threshold current density j th2 for excited-state lasing.
As seen from Eq. (35), f 2,th2 is unaffected by s 21 (Fig. 5) . Hence, as it follows from Eq. (36), n pin ph1 decreases with increasing s 21 ; consequently, n OCL,th2 and j th2 decrease [see Eqs. (45) and (46)]. Conversely, n OCL,th1 and j th1 increase with s 21 . The opposite tendencies in j th1 and j th2 are easily understood-increasing s 21 , i.e., delaying the excited-to-groundstate relaxation, hinders the ground-state lasing (hence j th1 increases) while making for excited-state lasing (that is why j th2 decreases). Hence as s 21 increases, j th1 and j th2 approach each other (Fig. 7) . At s 21 ¼ s f 2,th1 , n OCL,th1 , and j th1 , respectively (Fig. 7) . In contrast to the case of ground-state lasing only (wherein j th1 ! 1 as s 21 Fig. 7] , i.e., the excited-state lasing becomes unattainable-there can be ground-state lasing only with n OCL,th1 and j th1 being given by Eqs. (B2) and (B3) (wherein n ph1 is put zero).
The current density of stimulated recombination via the excited-state in QDs
is calculated in Appendix C. With Eq. (C5) for j stim2 , the output power of excited-state lasing as a function of the injection current density is
is the current density of carrier capture from the OCL into the excited-state in QDs at j ¼ j th2 , and
is the spontaneous radiative recombination current density in the OCL at j ¼ j th2 . Because the energies of photons emitted via the groundand excited-state transitions are not the same, the total optical power P ¼ P pin 1 þ P 2 is not directly proportional to the total photon density n ph ¼ n pin ph1 þ n ph2 at j > j th2 . Eq. (44) can be rewritten as
is the current density of stimulated recombination via the ground-state in QDs above the excited-state lasing threshold with n Hence, as seen from Eq. (51), the sum of the photon densities of ground-and excited-state lasing, each weighted by its own reciprocal lifetime in the cavity, does not depend on s 21 at j ! j th2 . The following expression is obtained for this sum:
is the current density of carrier escape from the excited-state in QDs to the OCL. If s ph1 ¼ s ph2 , the total photon density n pin ph1 þ n ph2 is independent of s 21 [ Fig. 9(a) ]. Because, as mentioned in the preceding text, the total power P is not directly proportional to the total photon density, there is a slight dependence of P on s 21 even in this case [ Fig. 9(b) ].
The kinks in the curves in Fig. 9 occur at j ¼ j th2 . As seen from the figure, with increasing s 21 , the contribution of ground-state lasing to the total output power decreases. For s 21 ¼ 100 ps, this contribution is negligible. This is also seen from Fig. 10 showing the ratio of n ph2 to n ph1 at j ! j th2 .
For s 21 ¼ 2 ps, Fig. 6 shows the total power P and the powers of ground-and excited-state lasing P 1 and P 2 , respectively.
We should emphasize here that other factors, which are not included into our theoretical model, may also affect the LCC of a laser in the presence of excited states in QDs. Thus, experimental LCCs both with (see, e.g., Refs. 1, 8, 12, 16, 17, 19 , and 20) and without 4, 5, 7 kinks were reported. Furthermore, even in the presence of a kink, the dependence of the ground-state power on the pump current is not always the same. It remains constant above the excited-state lasing threshold in some structures; 8, 19 in others, the ground-state power approaches its maximum and then rollover occurs. 1, 4, 7, 12, 16, 17 3. Internal and external differential quantum efficiencies For j th1 j < j th2 , the internal quantum efficiency can be introduced for ground-state lasing only [see Eq. (29)]. Above j th2 , the internal efficiency can be introduced for both ground-and excited-state lasing.
For j ! j th2 , the current density of stimulated recombination via the ground-state in QDs is pinned [see Eq. (52)]. Hence the internal efficiency for ground-state lasing simply decreases as the reciprocal of j À j th1
Above j th2 , the internal efficiency for excited-state lasing is
With (C5) for j stim2 (j), the following expression is obtained for g int2 :
which is similar to Eq. (31) of Ref. 22 . Fig. 11 shows the internal differential quantum efficiency against injection current density.
Above j th2 , P 1 is pinned at P pin 1 . Hence, the external differential quantum efficiency is given by the derivative of only P 2 with respect to j
With Eq. (48), we have
Neither j OCL esc2 nor the ratio j At j ¼ j th2 , we have from Eqs. (57) and (59)
In the absence of piezoelectric effects (which is not always the case-see, e.g., Refs. 32 and 33), transitions from excited electron-to excited hole-states are degenerate in pyramidal (with square base), cubic, and cylindrical QDs; hence, the maximum gain for excited-state transitions g max 2 could be higher than that for ground-state transitions g are higher than the mirror loss, excited-state lasing will turn on first with increasing pump current and then so will do ground-state lasing. If R 1 6 ¼ R 2 and g max 1 and g max 2 are higher than the mirror losses b 1 and b 2 , respectively, whether lasing will first occur via ground-or excited-state transitions will be determined by the lower of the two threshold currents. If j th1 < j th2 , Section III remains unchanged. If j th2 < j th1 , Section III will still apply if the terms "ground" and "excited" and all the related quantities are interchanged throughout the text and expressions.
IV. EXCITED-STATE LASING ONLY: LOW GAIN FOR GROUND-STATE TRANSITIONS AND HIGH GAIN FOR EXCITED-STATE TRANSITIONS
In Section III, we considered the situation when inequality Eq. (40) is satisfied. If the reverse condition holds, there will be excited-state lasing only. Qualitatively, this situation is similar to that for single-state QDs considered in Refs. 22 and 23.
Dropping out the stimulated recombination term in Eq. (3), the rate equation for the QD ground-state occupancy reads as
The rate equations for the QD excited-state occupancy, free-carrier density in the OCL, and photon density are given by Eqs. (41), (1) , and (34), respectively.
V. CONCLUSIONS
We developed a theory of operating characteristics of QD lasers in the presence of excited states in QDs. We considered three possible situations for lasing.
Under the conditions of ground-state lasing only (high gain for ground-state transitions and low gain for excitedstate transitions), the output power asymptotically approaches its maximum (saturation) value with increasing injection current. A simple universal expression is obtained for the normalized maximum power as a function of the normalized intradot relaxation time.
Under the conditions of both ground-and excited-state lasing, the output power of ground-state lasing remains pinned above the excited-state lasing threshold while the power of excited-state lasing increases. At the excited-state lasing threshold, a kink appears in the LCC. Above the excited-state lasing threshold, the free carrier density in the OCL, current of total stimulated recombination via the ground and excited states in QDs, and external differential quantum efficiency become independent of the intradot relaxation time. As in the case of ground-state lasing only, there exists a cut-off value of the intradot relaxation time, at which the output power of ground-state lasing vanishes. With increasing relaxation time, the threshold current for ground-state lasing increases while that for excited-state lasing decreases. At the cut-off value of the relaxation time, the threshold currents for ground-and excited-state lasing become the same.
The case of excited-state lasing only (low gain for ground-state transitions and high gain for excited-state transitions) is qualitatively similar to that for single-state QDs. Above the lasing threshold (which is the excited-state lasing threshold in this case), the role of ground-state transitions is simply reduced to adding an extra component (current of spontaneous recombination via the ground-state in QDs) to the threshold current. The free-carrier density in the OCL is also increased due to spontaneous recombination via the ground-state in QDs.
